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INTRODUCTION 

Charaeteristics that heterogenize a population are many. 

A few are observablas, many are not. Making usa of observed 

eharacteristics, mostly expressed as cevariates, analytical 

toels have long sinee bean developed to study the impact of 

these eovariate~ on human behaviour. The well-known hazard 

model, in its various forms (Cox, 1972, 1975; Cox and Oakes, 

1984; Milier at al., 1981; Tuma and Hannan, 1984; V~nderhoeft, 

1985), is one such analytical taal in survival analysis. 

Recent researches, however, have revealed that an analysis of 

observed characteristics is to a cer~ain extent subject to the 

assumptien of the kind of distribution of the unobservables 

(Heckman and Singer, 1982; Ridder and Verbakel, 1983).1 

The relevance of unobservable characteristics ean be seen 

through an arxample. Consider the notion of "frailty" of indi-

viduals a notion introduced by Vaupel, Man~on and Stallard 

(1979) in a study of mortality selection. Frailty at individual 

level is an unobservable, and yet it is of common knowledge that 

frailer individuals "dien first, leaving the population to 

con sist of more and more "robust ll individuals. Such a population 

will have patterns of "mortali I1 different from the ones derived 

without taking into account the individual heterogeneity in 

frailty. 

The awareness that a consideration of unobserved heterogeneity 

at individual level would portray reality more adequately led to 

1. One could think of, as tha most familiar example, the assumptien 
of the normally distributed error terms in a (multiple) regressien 
analys~s or of the binomially distributed error terms in alogit 
analys~s. ' 
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including the distribution of the unobservables in an analysis 

of observed characteristics. However, it has been brought to 

light in recent times that a mere assumption of the kind of 

distribution of the unobservables without an explicit considera-

tion or the relationship that could exist between the "observed" 

mortality rate and the parameters of the underlying uhobserved 

characteristics would only lead to wrong inferences. 2 The 

random walk model of human mortality proposed by Woodbury and 

Manton (1977) which considered the influence of the randomized 

physiological characteristics (or variables) such as serum 

cholesterol, blood pressure,etc. on human mortality served as 

an example of a correct step towards building a model which 

purports to examine the influence of the unobservables. Their 

pioneering work was developed further to a more general model 

basèd- on the conditional Gaussian diffusion processes, which 

explicitly formulated the mathematical relationship between the 

"observed" mortality and the parameters of the underlying physio-

logical variables in terms of the changes over time in the means 

and covariances of the physiological variables (Vashin, Manton 

and Vaupel, 1985)~ This model, known as the conditional Gaussian 

diffusion model, covers the possibility of analysing the effects 

of both the observed and the unobserved or partially observed 

characteristics in their multivariate form (Vashin, 1984; Vashin 

and Manton, 1984; Yashin, Manton and Stallard, 1985b; Yashin, 

1985). 

The present study does not intend to give a detailed descrip-

tion of this dynamic model nor its historical development. Readers 

2. Heckman and Singer (1982), for example, showed hOw entirely 
different inferences can be made ~ith the estimated parameters of 
observed characteristics, depending on the kin~ of distribut~on . 
of the unobservables. But they failed to cons1der the re+at10n9 h1P . 
in question and were led to have recourse to non-parametr1c est1mat10n 
procedure e 
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interested in the subject will have a plethora of mathematical 

studies given in the Bibliography. On the contrary, this study 

intends to show the flexibility of themodel in its application 

to various analytic contexts. One such context of practical 

interest, namely marriageability, is discussed in detail in this 

paper; and another, namely divorceability, is shown to be a 

straightforward extension ~ bath in the light of changes taking 

plaee in marital behaviour espeeially in the developed countries. 

Relevant notions and a viable measure (though incomplete) of 

marriageability and divorceability are introduced in SECTION 1. 

The model specification based on the ideas of the conditional 

Gaussian diffusion process, which allows an analysis of heteroge

neity dynamics of these unobservables, is explained in brief in 

SECTION 2. And SECTION 3 gives an illustrative example of a 

simulation earried out foi the case of marriageability with the 

ideas devaloped in SECTION 2. The last section points out the 

extension to divorceability and ether demographic variables of 

interest. Substantive interpretations are given as and when 

circumstances lend themselves to. 

SECTION 1 MARRIAGEABILITY 

Consider a number of individuals (of the same sex) forming 

a cohort of the single at age 15. Individuals transit to the 

married state at different ages. Their transit to the married 

state is comparable to "death" (note that the first marriage is 

a non-renewable event) and the time of their transition is 

comparable to "death-time" - the usage in Survival Analysis. 
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Several researches in the past have attempted to explain 

the process of entry into first marriage. It is apracess that 

depends on the number of marriageables in the cohorts of the 

same sex as weIl as of the opposite sex (the well-known two-sex 

problem in demography), the marriageability of individuals 

being determined by various cultural norms as weIl as by certain 

demographic determinants such as age and cohort size. Louis 

Henry (English version 1972) initiated the study of this process 

through the concepts of "circles" and "interactions" between the 

marriageables of either sex. Coale (1971) discovered two different 

aspects of this process: (a) in a cohort of the unmarried, same 

are destined never to marry, and (b) the process of entry into 

first marriage can be described by a double exponential which is 

a convolution of a normall~ distributed entry int 0 marriage market 

and an exponentially distributed delay. In an independent study 

at the same time, Hernes (1972) interpreted the process in terms 

of two sociological forces that operate on the unmarried: (a) an 

increasing percent of the cohort already married and {b} the 

capacity of individuals to marry (which is referred to, in this 

study, as marriageability). 

These studies had the basic notion of marriageability of the 

marriageables, either implicitly or explicitly, which corresponds 

to the notion of "frailty" mentioned above. Most eligible 

candidates marry early, leaving a pool of the less and less eligible 

not yet married. As the most eligible leave the cohort of the 

single, the Ie ss eligible may become more eligible or even lesser 

eligible, dependingon the availability of partners, for example. 

Some individuals, on the other hand, whatever be their initial 

marriageability or however dynamically their marriageability may 

change over time, are destined never to marry. Heterogeneity in 
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marriageabi1ity is thus a subject worth ana1ysing, provided some 

information is avai1ab1e. 

Of the three studies mentioned above, that of Hernes incor

porates an explicit treatment of the unobservab1e marriageabi1ity 

and estimates its average at the initia1 time when the cohort is 

formed. A brief review of the Hernes model wi11 be he1pfu1 for 

further analysis presented in this study. Hernes based his argu

ments on two socio10gica1 forces that imp~nge on the single. The 

first is the socia1 pressure to marry: this pressure increases 

with the increasing percent of the cohort 

a1ready married, as the " psycho10gical experience of the undesira-

bi1ity of ce1ibacy increases as more of the same age group enter 

into wedloek". The second force is the individua1 capacity which, 

in accordance with a two-fo1d assumption made by Hernes for the 

sake of a simp1e model building, dec1ines with age - IIHe that 

marries late marries i1111, says an Eng1ish proverb -, this decline 

being the same for all individuals. Thus, a consideration of the 

two socia1 farces coupled with the two-fold assumption led Hernes 

to formu1ate a simp1e model 3 

where 

and 

p .. 
.t = 

= the proportion of the cohort a1ready married 
at time .t; 

./..og. a. = A. / ./.!Jg../;, A. being the average ini ti al 
marriageabï1i ty; 

'/;«1)= the constant of deterioration in marriageabi1ity 

( 1 ) 

3. Certain points are to be noted in an application of this model: 

(1) Po is mathematica11y well-defined and is not equal to zero. 

contd. 
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This model is, in fact, 

on the three parameters 

a type of diffusion models and depends 
.t # 

a, J.T and k.. As the expression J:.a,1i is 

of a Gompertz form, these three parameters can be estimated with 

the well-known 3-point procedure used in fitting a logistic curve. 

Curiously enough, the type of diffusion model such as this 

can be applied to various processes which can be explained by 

similar arguments based on diffusion. 4 Rajulton (1985a) extended 

the model to cover the cases of proportions divorced and proportions 

remarried on similar lines of arguments on social forces - hence, 

the notions of "divorceability" or "remarriageability", as the 

case may be, of relevant cohorts formed at different ages. 

Ta!Jle.1. presents the ~bserved and estimated proportions5 of 

the married and divorced females in Belgium in the year 1981 and 

the estimated parameters of the model through the 3-point procedure 

Practically speaking, this means that while fitting the 
the first year of the process would be taken as .to =0. 
(2) The asymptote of the curve Pt. is given by 

Lt. Pt. 
t.....,oo 1 

as ,(; is Ie ss than uni ty. 

1 
+ 1 

1.. 

data, 

(3) In the expression of P , i f one lets '1(;t.) = k.aJ!., then '1(.t) 
is a Gompertz function anJ. the parameters a, hand k. can be 
estimated through the 3-point fitting procedure (Croxton et al., 
1967). A disadvantage of this fitting procedure is that the 
estimates will be dependent on the (arbitrary) number of observations 
considered. In the case of first marriage, for example, 36 obser
vations or even less, would be sufficient as the number of marriages 
af ter age 50 (15+36) would be negligible. 

4. Hernes himself came out with the same model to explain the diffusion 
of television sets in Norway (1978). 

5. These are in fact the first passage probabilities of transition 
from the never married to married state and from the presently 
married state to divorced state obtained through a semi-Markovian 
multistate analysis (Mode, 1982; Rajulton, 1985a) which considers 
the effect of duration in the present state on the probabilities 
of transition to other states. 
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31 
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Table 1: The observed and estimated prcipartians ~. married and 
divareed, females, Belgium, 1981 - the estimates 
obtained through the Hernes model with 30 observatians 

parame- F I R S J PI A R R ,1 A G E o 1 V 0 R C E 
ters of durà- abs. "est. dura-

. 
abs. est. 

Hernes' -t.ion -, prop. prop. tion prop. prop. 
model t- I ~.t. 

a. .000390 .004766 

h .813509 .867135 
k. 7.101772 .288779 

abili ty 11. 1.619981 .762157 

asymptote .876570 .224072 

1 .0020 .0028 .0000 .0000 
2 .0107 .0118 .0000 .0000 
3 .0332 .0379 1 .0014 .0014 
4 .1009 .0940 2 .0027 .0028 
5 .1973 .1858 3 .0051 .0052 
6 .3186 .3023 4 .0088 .0088 
7 .4450 .4220 5 .0138 .0139 
8 .5508 .5274 6 .0200 .0206 
9 .6333 .6118 7 .0265 .0289 

10 .6933 ! .6760 8 .0394 .0387 
11 .7363- .7239 9 .0518 .0497 
12 .7661 .7595 10 .0640 .0616 
13 .7893 .7860 11 .0764 .0740 
14 .8061 .8060 12 .0902 .0866 
15 .8202 .8211 13 .1017 .0990 
16 .8307 .8328 14 .1121 .1111 
17 .8389 .8418 1 5 .1218 .1225 
18 .8455 .8488 16 .1312 .1333 
19 .8513 .8544 17: •. 1411 .1433 
20 .8555 .8687 18 .1488 .1524 
21 .8598 .8622 19 .1574 .1607 
22 .8628 .8650 20 .1650 .1682 
23 .8655 .8672 21 .1719 .1749 
24 .8676 .8690 22 .1784 .1809 
25 .8695 .8705 23 .1847 .1863 
26 .8717 .8716 24 .1904 .1910 
27 .8734 .8725 25 .1947 .1952 
28 .8750 .8733 26 .1990 .1988 
29 .8763, .8739 27 .2032 .2021 
30 

•
8776

1 
.8744 28 .2067 .2049 

31 .8788 .8748 29 .2101 .2074 
32 .8799' .8751 30 .2131 .2095 
33 .8808 .8754 31 .2161 I .2114 ! 

34 .8819 .8756 32 .2185 .2131 
35 .8827 .8758 33 .2205 .2145 
36 .8833 .8759 34 .2225 .2158 

_i 

·8.56961 117.6325 Mean ( T '1 8.5083 17.1254 
! 

Varianee ( af) 21.9567 17.2781 56.5138 49.9727 

+ Refer Faatnate 5. 

! 



r 

8 

with 30 observations (from age 15 to age 44 in the case of first 

marriage and from age 17 to age 46 in the case of divorce). Nota 

the close correspondence between the observed and estimated propor

tions, particularly up to ~ =30. In the case of proportions 

married, 24 or 27 observations would have yielded estimates much 

closer to the observed ones but with slight variations in the 

estimates of the parameters. Use of 30 observations seems to give 

the best estimates in, the case of proportions divorced. Note also 

that the capacity to marry or to divorce and the constant of deteri

oration should be non-negative; the former can be greater than 

unity, but the latter always less than unity. Table 1 presents 

also the mean and variance of transition-time (Which are also mean 

and varianee or duration spent in the state of origin). 

The main idea of this section was to show that, given the 

proportions married of a cohort for each age %, there is a model 

through which marriageability. - which cannot be observed at 

individual level.~ can be' estimated at cohbrt'leve~ at intial.w 

time ~O. That this average measure can serve as a point of 

departure, along with other measures given in Table 1 (such as 

mean time of marriage, its variance and the observed proportions) 

for a dynamic analysis will be shown in SECTION 3. It should be 

noted, however, that unlike the Hernes model, adynamie analysis 

does not need to make the two-fold assumption that the initial 

marriageability declines with age and that this decline is the 

same for all individuals. But the two social forces that explain 

the process (of entry into marriage or divorce) can be retained 

in the dynámic model. 
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SECTIO~ 2: A DYNAMIC MODEL THE CONDITIONAL GAUSSIAN 
DIFFUSION PRDCESS OF FIRST MARRIAGE 

The recently developed conditional Gaussian diffusion model 

is a helpful tool for analysing a cohort's heterogeneity in 

marriageability. The generality of the model admits the necessary 

modifications concerning the two social forces which were shown 

to account well for the process of first marriage: the socio

psychological pressure exerted on an unmarried individual -by the 

increasing percent of his/her peers already married and his/her 

own capacity te marry. The model with the necessary modifications 

is given in brief in this section· The next section will outline 

a procedure for simulating the unobservable marriageability of 

individuals with a set of parameters such that the end-results 

(marriáge~timas of indivi~als) will correspond very closely to 

the known data on marriage-times. 

The dynamic model under consideration - Gaussian diffusion 
6 process - has two key components: 

(a) linear dynamics - changes in the unobserved variable 

(marriageability here) are assumed to follow a linear 

autoregression; and 

(b) guadratic dependency - the mathem~tical relationship 

between the observed'hazard rate (without considering 

individual heterogeneity in marriageability) and the 

values of the unobserved variable can be expressed as 

aquadratic function. 

6. These twe components have been found to describe adequately the 
human mortality related to physiological changes (which are either 
unobserved or at the most partially observed) in a number of 
epidemiological studies of chronic disease. As the process of 
first marriage is comparable to a mortality analysis, the influence 
of the unobserved variable (marriageability) can be studied in a 
similar fashion. 
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Suppose that the marriage rate at time :t for the .l.-th 

individual in a cohort of n unmarried individuals depends on a 

process Y.l.~ which evolves over time. Assume that the process 

g.l.~ evolves independently of all other individuals but depends 

on the cohortfs cumu~.tive proportion of the already married ( , ) 
~ 

at time ~. Note that ,~ is not an individual variabIe, but 

a cohort variabIe (or an environmental variabIe) which can be 

observed. For the sake of simplicity in notations, the suffix ~ 

denoting the .l.-th individual will be dropped hereafter, unless 

necessary. 

In accordance with the first component of the diffusion 

process, g is assumed to satisfy the linear diffusion-type 
:t 

stochastic·differential equations: 

(2 ) 

where aO~' a l ,t and h~ are well-bounded functions and lV.t is a 

Wiener process which does not depend on the initial condition go 

which is Gaussi'an distributed wi th known mean 1/1.0 and variance Uo • 
And, in accordance with the second component, the marriage rate 

is assumed to be a 

quadratic function of the set of values of g:t: 

2 
Dl(:t,g.~,p.t) =(m.O~+ml~g.~ + ITlufl.:t )P:t (3) 

Let the observed (uncandi tional) rate be.denote d by m [:t, ':t). 

The relationship between the observed rate and the individual 

(condi tional) rate m(:t, IJ. . ,J» descr ibed by the condi tional 
.t ~ 

Gaussian diffusion process can be expressed in the farm: 
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(4) 

whera E. denotes tha mathematical expectation,7 and 1.l. is the 

marriage-time (time of transition from the unmarried to the 

married state) of the ~-th individual associated with the rate 

m(t.,g. ,). When 1/.0 follows Gaussian wi th maan 112.1"1 and variance Uo t,'.t; , . v 

and when 8l(t"I/.t,"t,) is quadratic as axpressed in (3), then ii(t.:,.t> 
is the age-specific marriage ra te among the not-yet-married 

(that is, "survivors") at time t,. -ml"JI., 1)) ean be shown to satisfv 
\""",,rt; " 

the following relationship to the parameters of the distribution 

- (5) 

where At, and Ut, satisfy the non-linear differential equations: 

wi th 

dm.t, 
[ aOt, a 1t, At, - Ut, Ul , t, - lllu. Ut, 1Ttt, ] ~ ~ = + (6) 

d "t, 
[2a ,t, Ut, 2 2 ] 

';t crr- = + .IJ - 2u,t ~;t (7) 

the initial conditions ma and uO-

Three observations are in order: 

(a) Nota that 1J.,t follows Gaussian wi th mean l1'L;t and 

variance u,t.. JJ.t, can take negative values and cannot, 

therefore, be considered describing the marriageability 

process. However, one can let Jl..t, evolve as specified 

above and consider marriageabili ty as equal to IJ; • 
7. In other words, the observed rate is the conditional expectation 

of individual rates. In Survival Analysis, this expectation needs 
the concept of averaging an exponent, as any exponent can be consi
dered as a conditional survival function. The mathematical expecta
tion of an exponent which is a functional of a Wiener process has a 
long history of development. See Yashin (1984) for det 15. More 
recently, Yashin has shown that if the functional is of aquadratic 
form, the expectation of the exponent using the conditional Gaussian 
property has many advantages over the earlier techniques. 
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(b) The above specifications of the conditional Gaussian 

model, which has taken into account the first force 

o~ the process of entry into marriage, can be simplified 

for the sake of ~ractical application in the next section. 

The equations (2) through (7) can be simplified by letting 

(i) DlO.t and fll,t, in Eq. (3) be zero 

(ii) m,. t" aO.t ' a , .t and ht, be constant over time 

wheraupon,8 

• 

= 

(ao + a, IJ.t ) Pt, dt. + h dbJt, 

2 
fll Pt, g.~ 

Dl p~_ ( ai + ~) 

(2a) 

(3a) 

(5a) 

(6a) 

(7a) 

(c) The relationship between the observed rate and the 

underlying marriageability process expressed in Eq.(5) 

or (Sa) can be used to develop the likelihood function 

which in turn can be used to estimate the parameters of 

the process if the distribution of marriage-times is 

known. The likelihood function would be as follows: 

8. Eq.(3a) is analogous to the individual level analysis which 
Hernes considered initially in developing the model- see his Eq.1. 
The rate of change in the probability of the i-th individual's 
getting married is equal to the proportion married multiplied by 
a parameter of conversion; that is, dp. _ 0 

~- q't 

Or a9ain, Eq.(Sa) can be contrasted to the observed rate Mt which 
can be derived from t~e Hernes ~odel; that is, ~t = AbtP

t 
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J:. - n Di7 exp. [ - f'''m
4

, cIA] 
.t,.-1 l.. 0 ' 

where 1.t,. is the marriage-time of the ~th individual. 

And hence, 

Same guidelines for estimating the parameters through 

the maximum likelihood or minimization computer programs 

can be referred to in Yashin and Rajulton (1985). 

If efficient maximum likelihood or minimization programs are 

not available, or even if available cannot be easily handled, the 

simula~lon. procedure describ~d in the next section can be of some 

help. With the available information on the initial average 

marriageability, mean and varianee of marriage-times, a simulation 

of marriage-times can be carried out in such a manner that these 

correspond very closely to the observed ones - whereby the optimal 

estimates of the parameters (LO' (L1',J.T and fIl will be indicated. 

This simulation exercise has an advantage overthat of optimization 

through computer programs in the sense that it reveals how, for 

changing parameters, "convergenee" takes plaee towards the observed 

behaviaur. However, it depends on the availability of random 

number generators (of uniform and Gaussian distributions). 

8efore entering into this simulation exereise, an interpreta

tion of the parameters in question deserves one's attention. As 

the dynamics of marriageability is assumed to be linear, the 

interpretations of these parameters are comparable to the usual 
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ones adduced to the parameters of any linear regression model. 

0.0 denotes the "drift" or the systematic change in mean values; 

0.1 denotes the "regression effect" or the convergence to mean 

values (due perhaps to some homeostatic tendencies in tha 

unobserved variabIe) ; and q denotes the "diffusion effect" or 

divergence due to random influences (cf.Woodbury and Manton,1977). 

Moreover, the observed marriage rate at time ~ is the average of 

individual rates conditional on not being married up to time ~ • 

The individual rates at time ~ are expressed as produets of three 

quantities: 

p~ - the proportion married at time ~ (a cohort variabIe) 

~i - marriageability at time ~ (an individual variabIe) 

and III - the marr iage parameter (which is the same for all 

individuals and fo~ all time ~ ). 

It is worth emphasizing here that, of the four parameters, m is 

the most important as i t links ,the marriage ra-te not :onlY at 

individual level but also at cohort level to the underlying 

unobservable process of marriageability and to the environmenta! 

(socia!) pressure - directly in the former case (see Eq.(3») and 

indirectly through the parameters of the unobservable process 

in the latter (see Eq.(S». 
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A set of normally available data on proportions married 

of a cohort of the single provides valuable cluês for the kind 

of simulation des cri bed in this section~ The mean time of 

marriage (7), i ts va riance ( ui) and the average ini ti al 

marriageability (A) estimated through the Hernes model - all 

the three found in Table 1 - along with the mathematics of the 

conditional Gaussian diffusion processes help in simulating the 

unobservable process of marriageability over time. 

Ta begin with, Eqq.(2a), (Sa) and (7a) can ba expressed in 

discrete form as follows: 

(2a) 
that is, 

which can be written through the property of a Wiener process as 

where 2.t ....., nco, 1) • Letting A=1, this redu ces to 

(2b) 

Similarly, expanding the tarms of the differential equations 

(6a) and (7a), 

llt.t+1 = aO P.t.+ ( 1 + 0..1 P.t) llt.t - n{~,\lI.t (Sb) 

(1 + 2 (J,l P.t) v.t J.r 2 p " 2 (7b) 
v.t+l-· . :: + .t - 2fll P.t, 1I.t 

Secondly, denoting by g.~ the process up to time .t, let 1(.t) 

ba the conditional distribution of marriage-time; that is, 

1(.t) ;: Pll.cW[7:5.t, I ytJ 
1 - erp [- jfz(;j,fj ,P ) dd ] o ...,;j 

= 

(8) 

(Sa) 
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In orde~ to simulate the marriage-time of an individual, therefore, 

a uniform random number ~ is generated such that 

1(t.) t:JI P-wh [~, .:51(t.)] =: PlUJh [ 1-1 (~) .:5 t] (8b) 

For details on simulation, cf.Rubinstein (1981). This uniform 

random variate leads to the following expression through equations 

(8a), (Sb) and (3a): 

~ .:5 1 - exp. [-, tm (<4,Jt
4

,P
4

) dd] 
0 

1 - exp. [ ... fiJi 1J.2 P d4 ] =:: o 4 .. 

which implies 

- ./..of/- (1-.t,) .:5 f m ft 2 7' cU 
<4 4 

o 
If 7 is the marriage-time of an individual, then 

7'< == <J.iLt [t. :j~<I/l!J} '4' cU ?::. - Lor;(1-1L) ] 
O· 

(9) 

(9a) 

(10) 

In discrete formulation, this means that 1 is that time .t for 

which the sum ~ fIllJ.,.2 Po4 becomes greater than or equal to -.Log. (1-1L). 

As this sum, however, requires the auto-regressive values of Y; 
through eq.(2b) and of the marriage parameter l/l, the parameters 

ao' a , ,h and m have to be fixed for carrying out the simulation. 

The coefficient .IJ - denoting the I1diffusion effect ll and the 

random influences - ean ba arbitrarily fixed to be very small, say 

0.001. We know that Ya -n(I1L
O
'U

O
)' whose parameters are known. 

As marriageability is the square of this variate, fram the theory 

of statistical distributions, IJ.g is known ta follow a non-central 

X2 wi th mean A. and varianee S 2 which are related to l1La end Ua 

as follows (cf. Lindgren, 1976; Kendall & stuart, 1977; see eIsa 

Appendix A): 
Il 2 

=:: f!l.a + ua 
(11 ) 
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~ is known but S2 is unknown; Eq.(11) cannot be solved directly. 

However, under stability conditions when the random disturbances 

are negligible, Eq.(2a) can be written as 

dIJt. 
(0.0 + 0.1 !J.t ) Pt. 0 n- .. = (2C) 

which yields the relation 

U-,t 
lf-O 

U-1:1: - - :::: 
0.1 

(12 ) 

and hence, the mean-time of marriage would be (cf.Appendix a): 

1 :::: ( 12a) 

where Jt and P denote the value s of the U-t. and Pt. in stabili ty. -P is known to be about 0.883 and 1 about 8.5696 from Table 1. 

. 0.0 
As' JJ = -:a:;-' i t would be preferabie to giva nagativa 

values to 0. , ' thus letting 0.
0 

(denoting the systematic change in 

mean values) to be positiva. As the mean valuas At. will normally 
a,.. 

be around ~ for initial and higher.valuas of t. , 4, 
(13 ) 

Therefore, if one fixes the other tuja unknown parameters In and 0. , 

arbitrarily for the sake of sta:rting the simulation, 0.
0

, atO and "0 

can ba successively found through the Eqq.(12a),(13) and l11). 

A simulation carried out with the rough estimatas of the parameters 

will result on a distribution of marriage-times whose mean and 

-
varianee can be compared to the actual ones ( 1 and q~). If they 

corraspond closely, these estimates can be taken as the "best" ones; 

if they do not, new valuas of ffl and 0" can be tried. Trials with 

various values of mand 0,1 will indicate the direction and 

magnitude of these para~eters. 
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The following guidelines may be of practical usa: 

(i) The rough estimates obtained through (arbitrary) specifica-

tions of. 0/. and 0" ' can be used in (Bb) and (7b) to 

examine whether a~ and u~ values converge or not; a 

divergence of means and (co)variances of the process is 

clearly out of question. It should be noted, however, that 

u~ might become negative for higher va lues of ~ - in which 

case, it weuld be practical to make it aqual to zero. The 

values of m.~ will nermally be assured te be around 

especially at the initial and higher values of ~ • 

(i1) For each set of rough estimates, the resulting mean and 

variance of marriage-times can be compared to the known values. 

Changes in Dl and 0" will affect the values of mean and 

variance, thus indicating the direction towards the best 

estimates. See belew fer an illustration. 

(iii) The final proportion married or remaining single has also 

te be taken into account; as .far as possible, it has to 

correspond to the observed one. Note, however, that the 

estimated p~ values for each ~ are to be calculated within 

the simulation with the number of individuals who transit to 

the married state under the influence of the unobserved 

variable marriageability and the social pressure measured 

by the proportion married at time ~. 

To:summarize, the algorithm for the simulation exercise is 

as follows (this algorithm and the above guidelines have been 

incorporated in the computer program SIMMAR given in Appendix C): 

The final proportion married (P) being known end fixing h to be 

very small. say. 0.001, 
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(1) fix Ol and a , (e. g. Ol around 1.00 and a, around -0 •. 1) 

(2) ea1eu1ate <tJ through (12a) 

(3) ea1eu1ate 111.
0 

through (13) 

(4) ea1eu1ate v o and S2 through (11) 

hli t h these va1ue s of (LO' a , ' IJ, m., nz.
O

' "0 ,carry out the simu1a tion 

for eaeh time .~ and for eaeh individua1 ~ as fo110ws: 

(5) generate a uniform random variate ~~ 

{6} ea1eu1ate - -lAg.C1-Jt...t.~ 

(7) generate JJO ~ n ( /11.
0

' "0 ) 

(8) generate Z.t., ~ n (0, 1 ) 

(9) wi th the generated "0 and an initia1 '0 (0.002 from Tab1e 

ea1eu1ate IJ..t. and ~m.g.2 ., • When this sum exeeeds the 
.. -6 

value of - -lAg, (1-JL~) at a particu1ar value of .t , that 

._ valu.e of.t is the required 7~ - the marriage-time of the 

~ -th indi vidua1 

(10) if the ~-th individual transits to the married state at a 

pa rticular time ~, add that individua1 to the proportion 

married sueh that for each .t, the simulated proportion J>' 
.t 

is found out (note that it is this Pi which is used in the 

sum used in step number (9). 

(11) optional a control in the algorithm can be inserted 

1) 

such that when the final proportion married under simulation 

arrives at the actual known va1ue t the simu1ation can be 

terminated. 

(12) go back to step number (5) till a specified number of.t times 

are over (e.g • .t= 1,36 as most individuals would be married 

by the time they are aged 50). 
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This algorithm will be repeated if the mean end variance of the 

simulated sistribution of marriage-times (along with the final 

proportion married obteined through step number (10) if step 

number (11) has not been carried out) do not correspond closely 

to the known values (8.57 end 21.96 respectively from Table 1). 

The sequence of results shown in Table 2 - obtained for a 

cohort of 100 individuals - serves as an example of identifying 

the best estimates of the relevant parameters through repeated 

application of the above algorithm with different values of m 
and 

Table 2: Means and variances of distribution of marriage-times 
obtained for various values of Dl and a

1 
for a 

cohort of 100 individuals 

trial 1 2 3 4 5 6 7 

m 1.0 1.0 1.0 1.0 1.0 0.95 0.92 

a
1 

-0.02 -0.05 -0.10 -0.20 -0.40 -0.40 -0.38 

-i 6.9 6.9 7.21 T.7 8.4 8 ... 46 8.71 

q2 
T 7/.96 7.82 10.10 16.0 21.47 22.25 21.77 

liJi th a f ixed value of Ol (=1.0), trial valus s of (Lt indi ca te tha t 

at about a1 = -0.4 (the 5th trial) t the mean and variance are 

closer to the actual ones. Therafter, the value of Dl can be 

adjusted in order to get a very close approximation to the desired 

values. At Dl = 0.92 and a
1

= -0.38, the simulation rnsults in 

mean and variance of the simulated marriage-times that are very 

9. These results have been obtained using the NAG library subr6utines 
for generating the uniform and Gaussian random variates. However, 
keeping in mind the non-availability of the NAG library in many 
centres, the computer program SIMMAR given in the Appendix calls 
the uniformly distributed random variates ~rom the intrinsic function 
installation of the Fortran library (mostly available in many computer 
centres) and provides a subroutine for generating the Gaussian 
varia te., 
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close ta the knawn values. Estimates of ather parameters are 

inferred fram these twa parameters (using the steps numbered 1 

thraugh 4 in the algarithm). Tabla 3 presents tha estimatas of 

various parameters) as weIl as the simulated transition times of 

100 individuals (the blank ,_, indicating a transition time which 

exceeds 36 years). And Table 4 rearranges the transition times, 

bath observed and simulated for 88 out of 100 individuals (see 

alsa Tabla 1). 

Table 3: The estimated parameters af the diffusion process 
and the simulated transition times of 100 individuals 

aO = 0.144 a
1 = -0.380 b = 0.001 

m = 0.920 IfLO ::::; 0.379 tlO 
::::; 1.476 

R. ::::; 1.620 S2 = 5.207 P = 0.883 
-, ,2 21.772 survivors 12 T = 8.716 aT = ::::; 

12 4 5 10. 7 11 13 10 5 7 

.J.: Si 4 9 15 - 5 19 7 5 

- 4 ';,4 10 2 8 10 '19 9 

20 8 7 - 17 5 5 11 

9 9 12 6 9 5 19 1 1 0 6 

14 11 6 3 6 4 17 4 11 

8 13 7 17 7 8 14 '~ 0 ::; 
-.J 

8 7 6 20 16 3 5 4 4 

6 5 11 7 7 5 17 5 10 

9 7 15 8 8 6 5 6 3 

Appendix 0 gives each transition time for the .t-th individual 

and her associated values of -.Log.(1-Jt) , and the current 

It would be worth examining the trajeetory of ~arriageability of 

P'. 
;t 
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Table 4: Observed and simulated frequency of marriage-times 

.t;. 1. 2 3 4 5 6 7 8 9 10 

obs. 0 1 2 7 10 12 13 10 8 6 

sim. 1 1 3 8 13 9 10 7 6 6 
,..".-------~._.,,"--_. __ .. _--_ .. "_ .... 

.t;. 11 12 13 14 15 16 17 18 19 20+-

obs. 5 3 2 2 1 1 1 1 6: 

sim. 5 2 2 2 2 1 4 3 3 

ccrtain individuals for the sake of an illustration. Table 5 presents 

the trajectories of individual women numbered 3, 4, 15, 31 and 11 

whose marriage-times are 5, 10, 15, 20 and greater than 36 respectively 

(refer Table 3, individuals row-wise). The 3rd individual who starts 

with a very high marriageability (5.28) gets married at the 5th year, 

her potential decreasing over.the years. Compare hers with a rather 

low one of the 48th woman (0.52, Appendix D) who gets married, however, 

within a year. This is because the latter's initia1 marriageability, 

10w as it is, is associated with a random number }t which' is also 

Tab1e 5: Trajeetory of marriageabi1ity for chosen individuals 

Individuals numbered 
.t;. 3 4 15 31 1 1 

0 5.284647 0.120229 0.113649 0.643 3 0.204212 
1 5.277955 0.120246 0.113283 0.643008 0.204162 
2 5.237895 0.120339 0.111104 0.639928 0.203856 
3 5.164960 0.120S07 0.107161 0.634344 0.203291 
4 4.996053 0.120924 0.098257' O. 1·~86 0.202063 
5 4.589125 0.122055 0.077680 0.5S9113 0.198857 
6 0.123978 0.045341 0.531 555 0.192750 
7 0.126598 0.017733 0.465707 0.185798 
8 0.129561 0.002036 0.396882 0.179082 
9 0.132443 0.001598 0.336936 0.172032 

10 0.135297 0.013211 0.287817 0.164883 
1 1 0.032304 0.248200 0.159751 
12 0.053411 0.219034 0.154794 
13 0.073249 0.198260 0.1521 59 
14 0.089365 0.182259 0.149584 
15 0 •. 1 03 9 0.171059 0.148212 
16 0.162150 0.146479 
17 0.157228 0.145580 
;18 0.153586 0.1M1412 
19 0.1 S1. 031 0.143986 
20 O.1S0048 0.143229 

• • • • • • • • ••••••. e ___ 
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v_ery low such that the summand Iflll-ilQ;; = 0.92 il( 0.52 t4 0.002 = 0.0009 

exceeds -JAt} (1-1L) = 0.0004 at the very first yeár. The 4th woman 

who starts with an initial potentialof Ow12 gets married at the 10th 

y ear; hers however increa sing as years go by, though only sli ghtly. 

The 1Sth individual getting married at the 15th year starts with an 

initial marriageability of 0.114 and experiences a fluctuation in 

her marriageability as years go by. 

The estimated parameters help formulating the marriageability 

process as follows: 

whose mean and variance are given by 

0.144 ';t + ( 1 - 0",38 ";t) IR.;t - 0.92 ';t 14t, u.t 

::: (1 - 2(0.38) P.t) + (0.001)2 ".t -2. (0. 92) P.t u; 

Further, the ..l. -th indi vi dual f s marriage rate at time .t is 6l(.t,1I-;t'''.t) 

= 0.921'.t1J.; and the corresponding cohort. rate is ÖJ.(.t'''.t) = 

0.92 ';t(m.; + u-t,). Note that any individual's rate is 0.92 times 

the combined influence of the sociologi cal factors considered in the 

model (one increasing the pressure to marry and the other counter-

balancing this pressure through that individual's own potential 

evolving over time). Moreover, the cbhor~ rate at time .t is 

expressed in terms of the meanand varianee of the process of 

marriageability at time .t. Table 6. compares the differences in 

the cohort rate and individual rates for individuals numbered 3, 4 

and 1 S. The cohort rate at any time .t (given in col.5 in Table 6) 

differs from those 9f individuals (given in cols.?, 9 and 11) who 

have different. potentials and hence different marriage times. 

Compars this analysis with that of Vaupel and Yashin(1979, 1982). 

Fig.1 in Appendix E plots those rates for the sake of visual 

comparison of the differencss in cohort and individual rates. 



Tabla 6: Cohort and Individual rates over time and the simulated 
proporti ons married, mean and varianca of tha procass of 
ma rriagea bility 

.!I 

time simulated process JJ.,t cohort rata ratas 
;t J" maan var. 

Dl 7>1 (m.~ + IJ,t) 
. in~. no. ~ inde no. 15. 

;t m. ~ JJ.. ' 
ou:tftl. ~ .. in P} iJ;~ 

0 1.476 O. 0148 5.285 0.0486 0.1202 0.0011 0 •. 11 36 0.0010 0.002 .379 
--------------------------------------------~--------------------------------------------------------

1 0.01 .377 1.466 0.,0148 5.278 0.0486 0.1202 0.0011 0.1132 0.0010 

2 0.02 .372 1.415 0.0286 5.238 0.0964 0.1203 0.0022 0.1111 0.0020 

3 0.05 .362 1.320 0.0667 5.1EJ5 0.2376 0.1205 0.0055 0.1072 0.0049 

4 0.13 .340 1.109 0.1465 4.996 0.5975 0.1209 0.0145 0.0983 0.0118 

5 0.26 .297 .705 0.1897 4.589 1.0977 0.1221 0.0294 0.0777 0.0186 

6 0.35 .255 .328 0.1265 0.1240 0.0399 0.0453 0.0146 

7 0.45 .244 .171 0.0954 0.1266 0.0524 0.0177 0.0073 

8 0.52 .250 .068 0.0720 0.1296 0.0620 0.0020 0.0010 

9 0 •. 58 .215 • Ol, 6 0.0620 0.1324 0.0707 0.0016 0.0009 

10 0.64 .284 .023 0.0610 0.1353 0.0797 0.0132 0.0078 

11 0.69 .303 .011 0.0553 0.0323 0.0205 

12 0.71 .321 .005 0.0706 0.0534 0.0349 

13 0.73 .336 .002 0.0772 0.0732 0.0492 

14 0.75 .347 .001 0.0838 0.0894 0.0617 

1 5 0.77 .356 .0004 0.0901 0.1036 0.0334 
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SECTION 4: OIVORCEABILITY AND OTHER RELEVANT QUESTIDNS 

The analysis carried out for the case of the unobservable 

process of marriageability can be extended to the case of 

divorceability - a topic becoming more and more relevant for 

populations in developed countries. The decline in first marriages 

and the increase in divorces along with the rising trend in cohabi

tation have changed the life-styles of many western populations. 

{For details on these behavioural changes in Belgium, see Rajulton 

(1985b». And demographers' attention has been drawn to the varied 

influential factors of changing merital behaviour. The heterogeneous 

evolution of these factors and their influences on divorce, for 

example, can be fruitfully analysed by the application of the 

Gaussian diffusion model, whose flexibility has been illustrated in 

the last two sections. 

The measure of divorceability following on the same lines of 

arguments used for the case of marriageability can serve as a 

starting point. However, one obvious caution is that divorce is a 

renewable event (unlike the first marriage) and a comparison to 

survival analysis can be made on1y with each order of divorce. Any 

type of data other than the life-history data could be contaminated 

with different orders of divorce. With this caution in mind, the 

simulation exercise can be carried out in the same manner as 

described in the last section. As divorceability is a topic more 

interesting and more useful for policy considerations, the present 

au thor hopes~to complement this paper with a subsequent one on 

divorceability, taking advantage of the extensive adaptability of 

the Gaussian diffusion model to include the influence of socio-. 

economie variables that evolve over time. 
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The analysis presented in this paper has been restricted to 

to the simple case when the parameters af the unobservable process 

are constant over time. This restriction can be relaxed, if 

parameters changing over time are found tp be necessary. ~he 

consequent increase in the number of parameters would certainly 

call for sophisticated minimization ar maximum likelihood programs 

in the case af a direct estimation of parameters (see p.13) 

or for more computer memory space in the case of trial and error 

proceDure through simulation. Perhaps, a via media would be to 

consider parameters changing over tima for cartain duration groups. 

What has baen presented here, however, is basic to any more sophis

ticated application of the model; this simple experiment would be 

sufficient for many practic~l cases. 

More relevant than the question af relaxing the assumption af 

constancy af parameters over time is that of relaxing the Markovian 

assumption inherent in the model. The Gaussian model is actually 

based on the Kolmogorov-Fokker-Planck equation, the application of 

which requires the assumption that the unobservable process is 

Markovian:- an individual's future profile (of marriageability or 

divorceability) is a re sult of bath a deterministic function of his/ 

her current profile and a stochastic term. This can be generalized 

(Vashin, 1985) to depend on the entire trajectory of the unobserved 

variable by which past profile of an individual can be made to 

influence the time of transition. 

The relevance of the non-Markovian condition becomes more 

centralized when various exogenous characteristics end their hetero

geneous effects either directlyon the behaviour under study or 

indirectlyon the influencing variables (whether observed or unobserved) 
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are taken into consideration. Very of ten, an evolution of these 

exogenous factors such as employment, economie condition, education, 

migration status, urban or rural environment etc. is at the least 

partially observable. And the endogenous component could be 

modelled as dependent on the evolution of these factors; for example, 

changes in employment, migration status and economie conditions 

are known to have their effects on changes in marriageability or 

divorceability. 

Further, certain exogenous factors could have greater impact 

on certain subgroups of populations. Thus, divorceability may be 

higher in urban populations, religion and number of children may 

affect decisions on the timing of divorces. Certain groups will 

therefore be rapi~ly "selec~ed" under favourable changes in these 

factors and the rapidity of selection may be reflected in the 

parameters in question of the underlying processes. However, the 

(line~r) dynamic equations describing the changes in these factors 

would not be affected by selection so that no further modification 

of the auto-regressive equa~ions for these factors ~ould be necessary. 

Finally, the necessity of life-history date(and associated 

event-history analysis)is more anc more accentuated in eoclal analysis. 

Further research would determine the usefulness of the Gaussian model 

in analysing such life-history data in which, once again, certain 

variables are observed end many others are not. The heterogcneity 

dynamics is thus a field which opens new vistas for further research, 

and surely the Gaussian model specifically constructed for adynamie 

analysis of heteroganaity in behaviour can be of graat help. 

Imagination and applicB on are the only two requisites. 
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ARpe~dix A: ~ean and Varianee of Non-Central Chi-Squa~~ 

When Z follows a Normal distribution with mean Mand variance 
2 2 5 , the square of the variate(Z ) follows a non-central chi-

square distribution, whose moment gene rating function is given 

by: 

Expanding the exponential term, 
2 

- Z -= 

(i. e) 1 ~2 2 - 252 ~ (1-25 t) + M
2 - 2MZ] 

- -.lz ~ ,{1-2S2t 
fi1 ) 2 (i.e) + M2 (1- -L ;) - ···1_2S2 t 25 1-2S2t 

(i.e) 1 ~z J1";2S2~ M )2 2,M
2

S2t 1 --
1_2S2t 1-2S2t 252 

Therefore, the M.G.F. of Z2 is 

(i.e) 

Expanding the product up to the second degree and rearranging 
the terms in t, 

[+ M2 t M4 t2 + ... ]x[1 + S2t + ~ S4 t + .... ] - + -
1-2S2. t 2 (1-252 t)2 

(i.e) S2t + 3 S4 t 2 + JYl
2 t , + ~2.?~!~ M4t2 

2" ~-2· + -
1-25 t 1-25 t 2 (1_252 t)2 

Differentiating this twice with respect to tand at t=O. and 

denoting the mathematical expectation by Ex, we get 



.. 

Hence, the varianee = 

= 

= 

4 = Ex(Z ) 

EX(Z4) _(EX{Z2»2 

252 (52 + 2M2) 
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Appendix 8 : To prove that mean death time T = 1 

MV,2 P 

C 

dS] Prob [T'7 t I Y~l - J 2 We have. = exp \: MY Ps 
" s 

Under stability, dY t C aOP t " + 3 1 P t Y t = = 
"""ëit' 

a o 
i • e; y~ = a;- = Y 

Therefore, Prab [T=t 1 Yt=yJ = exp L -My2;tJ ,where P is the 
asymptote of Pt 

,,{l ", 

Hence, Ex(T) = ~ t exp(-My2pt)dt = -1-
o My2 P 

will be equ2.1 to and hence the 

varianee is given by which is the same as the square of 

Ex(T). Therefore, variance 8i11 not be of much use to de~ermine 

the value of a 1 -
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Appendix C 

Program SIMMAR ( input, tape1, tape2, output) 
c ---------------------------------------------------------____ _ 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

This is a program for simulating the times to death of 
100 individuals and the unobserved process Vet). The 
input (on the screen) specifies the parameter values 
initiating the simulation. The paTameters are : 

n = number of individuals to be considered 
(the program admits a maximum of 100, 
can be increased if memory space is 

n1 

,rou 

a1 

pf 

x r 

af 

available) 
= number of time units ( a maximum of 36 is 

incorporated in the program, can be increased 
with the memory space) 

= 

= 

= 
= 

= 

the Itmortality" parameter (real value) 

the secand coefficient (of autoregressive 
equation for the unobservable pracess) 

final proportion Ildead" up to the time n1 

the mean of the distribution of"death times" 

average init:ial lIfrailtyll-the unobservaiJle 

The uniform random variates are generated through the 
intrinsic function RANF(N} of the FORTRAN IV, which returns 
valuès ~nlfor~y distrib~ted over the range (0,1), the veluas 
o and 1 being exc14ded. N is a dummy argument which is 
ignored. Same FORTRAN installations have CALL RA~SET(N) and 
eALL R~N T(N) which initializes the seed of RANF and obtains ' 
the current saed of RANF respectively. Check with the 
computer installations and make modifications if necessary. 

The norma1 random variates are produced by the ~ubrcutine 
Gauss which makes use of RANF also. The subroutine GAUSS has 
been incorporated in this program. and produces a specified 
mean and variance{ AM denotes the mean end 5 the standerd 
deviation) • 

c The output (on the screen) giv s the parameter veluas as 
c weIl as tne mean and v2.riance of the simulated "deeth times" 
c so that a direct comparison een be made with the kno~n values. 
c pe1 on outputcontains the sequence of individuals ~ho 
c transit to "%eath ll along \:JÏ th their associated veluss of 
c -10g(1-r), V and "deeth timet!. Tape2 contains the trajeetory 
c of "frail ty"Oover time fo r individuals numbered 1 0,20,30,40 
c and 50. Change the individualsspecified if desired; these 
c trajectDries can be used for platting if comparison of indivi
c duel frailty values over time is desired. 
c --------------------------------------------------------------

·real yO(100), y(100,36), p(33), eps(100,36), yy(10J),mu,m~ 
7'ea1 m(36), v(36), y,02(100) 'y2(100 36) r(100) 
~nteger t(100) " , 
da~a b;O.001/, p~/O.002/ 
prlnt 11 

11 format (* give parameter values - n, n1,mu, a1,pf,xb3r,af~) 
read * , n,n1, mu,a1,pf~xbartaf 
c1, = ~qrt(xbarjt mu ~,Df) 
al!:::: a1/c'1 
m:0::: :;,r / abs ( a 'I ) 



g~ ::: af - (m~ ~~ 2) 
52 = (2.x g~) .x (g91 + 2.x (m~.x2» 
write 12, a91, a1, b, mu, m~, g~, af, 52, xbar, pf 

12 formatX 5x, ~ the p§rameters are : ~,/, 
5~, ~ a_ =.x • fB.4,/, 
5x, .x a1 =.x, fB.4,/, 
5x, .x b =.x, fB.4,/, 
5x, ~ mu =.x, fB.4,/, 
5x, ~ m$ =.x, fB.4,/, 
5x, .x g~ =.x, fB.4,/, 
5x, .x aail =.x, fB.4,/, 
5x, .x 52 =.x, f~.4,/, 
5x, .x xbar =.x, fB.4,/, 
5x, .x finp =.x, fS.4,/) 

write 66 
66 format( 1 x) 
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c -----------------------------________________________________ ~ 
e The initial'parameters having been specified, generate the 
e randomvarietes following uniform distribution end geussian 
c distribufion. T~is:is done for eaeh time t 50 that indivi
c duals whb transit t6 "death" at a particular time may be 
ó ilimi~ated-to"orm the proportion "dead" for every time t. 
c --------------------------------------------------------------

do 1 k=1,n1 
do 2 i=1,n 

e --------------------------------------------------------------
c Generate the uniform randofl variate r(i) 'for each individual 
c and find the value ot -log(1-r). 
c --------------------------------------------------------------

r.:(i) = ranf(n) 
r(i) ::: -alog(1-r(i» 

c --------------------------------------------------------------
e GeRerate the initial random unobserved variate Y91(i) follow
e ing gaussian with mean m_ and varianee g~ 
c ~-------------------------------------------------------------am ::: mjlJ 

s = sqrt(~,I!1) 
eall gauss(ix,s,am,v) 
y,l!1(i) = v 
yy(i)::: mu oK (y,0(i) .x.x 2)* py:1 

e --------------------------------------------------------------
c Generate the error random variate eps(i,k) following gaussian 
c with mean ~ and varianee 1. 
e --------------------------------------------------------------

am = ~;. 
s = 1. 
eall gauss(ix,s,am,v) 
eps(i,k) = v 

c -------------------------------------------------------------
c Find the autoregressive sequence of unobserved Y veriate and 
e the summand used:for fixing the time to death. cf.text 
c --------------------------------------------------------------

if(k.eq.1) y(i,k) = a~ * p% + (1+a1*p~)~~~(i) + b*eps(i,~), 
if(k.ne.1) Y(i,k} = a~ * p~ + (1+a1*p(k-1})*y(i,k-1) 

1 b*eps(i,k) 
yy(i) = yy(i) + (mu *(y(i,k)**2)*p(k) 
if(yy(i).gt.r(i») t(i)=k 
if(yy(i).gt.r(i) p(k)=p(k)+(1./n) 

~ if(yy(i).g~.r(i» write51,64).i~r(i),y~(i),t(i) 
04 for~~t(3x,13,2(2x, f10.u),2x,13) 



if(p(k).gt.pf) go to 3 
2 con tinue 
1 continue 
3 continue 

c ------------------------------------------------------------
c Get the various results in Tape1 end Tape2 
c -------------------------------------------------~----------

write 14, (t(i),i=1,n) 
14 format(10(2X,i3,2x) 

do 6 i=1,n 
y~2(i) = y~(i) ~* 2 
do 6 k=~,n1 
'y2(i,k) = 'y(i,k) ~* 2 

6 continue 
k=~ 
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wri te (2,11) k,y~2 (1jJ) ,y~2 (21') ,y~2 (3p1) ,y~2 (41l) ,y~2 (S~) 
do 7 k=1,n1 
write(2,11) k, 'y2(1~,k), 'y2(2ji!,k), 'y2(3~,k), y2(4~,k), y2(S~,k) 

7 continue 
11 format(5x,I3,S(3x,f9.6» 

c -----------------------------------------------------~-----------
c Find the mean and variance of the distribution of "death-times" 
c ------------------------------------------------------------------

t1=~. 
t2=!i, 
do~5i'=1,n 
if(t(i).ne.!i) t1 = t1 + teil 
if(t(i).ne.}i!) t2 = t2 + t(i)~~2 

5 continuR 
n2 = pf * n 
tbar = t1/n2 
ts.ig =SEirt{(t2/n2)-(tbar ** 2) 
write 66 
write 15, tbar, tsig 

15 format(Sx,6Hmean =,1x,f7.3,SX,9hst.dev. =,1x,f7.3) 

c ----------------------------------------------------------
c Find the mean and variance of the unobserved variate for 
c all tand check whether they converge or diverge. They are 
c stored in Tape1. 
c ----------------------------------------------------------

do 8 k=1,n1 
if(k.eq.1) mek) = a~*p~ + (1+a1*P%)~m% + mu*pji!~m%~gji! 
if(~.a~.1) v(k) = (1+2*a1*pji!)*~ji! +(b**2)*p~ - 2*mu~p~*(g~~*2) 
if(~.ne.1) mek) = a~*p(k-1) + t1+a1~p(k-1~m(k-1) 

1 - mu*p(k-1)*m(k-1)*v(k-1) 
if(k.ne.1) v(k) = (1+2*a1*p(k-1)~v(k-1) + (b**2)~p(k-1) 

1 - 2*mu*p(k-1)~(v(k-1)**2) 
write(1,66) 
write(1,17) m(k),v(k) 

8 continue 
17 format(5x,2(f10.6,3x» 

stop 
end 
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subroutine gauss 
c --------------------------------------------------------------
c Purpose : to compute a normally distributed random number 
c with a given mean am and standard deviation s. 
c usage : call gauss(ix,s,am,v) 
cparameters: ix - must contain an odd integer number with 9 
c or less digits on the first entry to gauss. Thereafter 
c it'll contain a uniformly distributed integer random 
c number generQted by the subroutine for use on the 
c next entry to the subrQutine. 
c method : uses 12 uniform random numbers to compute normal 
c random numbers by central limit theorem. The result 
c is then adjusted to match the given mean and st.dev. 
c The uniform random numbers are generated through the 
c fortran ranf(n) 
c --------------------------------------------------------------

a =~. 
do 5Yf' 1=1,12 
y :: ranf(it?c) 

sjlf a = a+y 
v :: (a - 6.~)MS + am 
return 
end 



Appendix D • Simulated time of marriage (T. ) of the i-th • l. 

individual and associated values of -log(1-r.), 
l. 

Voi and the proportion married (P T. ) at the time 
l. 

of the i-th individual's transition. 
~------ ~---- --~--- --._---

T- i -log(1-r. ) V Di PT T. i -log(1-ri ) Y Di PT• l. l. i l. 1 
7 -_. 9~-ï.391 1.-0"228 ::'f4·- - . ,452 

1 48 .000404- -.7;;'20446 . 012 8 27 · 514146 .841932 .462 
2 26 .023103 3. 007'::3:'5'7 .022 8 32 3. 12407;"~ 2.237326 

, 
. 472 

3 55 · 670494 4. 70(':;619 .032 8 62 .538528 -1. 052679 .482 
3 77 .04·6247 1. 53306<7 .042 8 67 .528340 -1. 073198 .492 
3 100 .069176 '"") 132158 .052 8 72 1.060165 1. 171882 .502 e... 

4 2 .255818 1.94'::11370 .062 8 95 1. 48939~j 1. 477925 .512 
4 13 1. 019067 3.7;;H305 .072 8 96 · 033511 . 144863 .522 
4 23 .093150 1. 674000 .082 9 14 1. 165141 1. 115685 .532 
4 24 · 055316 1. 140912 .092 9 30 .555840 .715359 .542 
4 57 .0:::15836 77f~El41 102 9 41 .9;27674 .994666 .552 
4 59 .832089 3.610;2Ell.f 112 9 42 · 621550 .812812 562 
4 79 .2;21535 1.9003 122 9 45 142037 .263897 .572 
4 80 .223194· 1. 73:::; 132 9 91 .043771 .054192 .582 
5 3 .464070 2. 2 c/8El:::ló 142 10 4 .254938 .346740 .592 
5 9 .040166 .627301 152 10 8 .566983 .663891 .602 
5 17 .427122 2. 07~:)O22 162 10 25 .039282 -.021377 .612 
5 20 · 109737 .779552 172 10 28 .970199 .885687 .622 
:5 36 · 58911~2 2. 3223E'Îi::) 182 10 49 .024429 -.065680 .632 
5 38 138221 -1. 10456:2 192 10 90 .076271. .098144 .642 
5 46 122459 -1.246518 .202 11 6 .048637 - 144737 .652 
5 70 185044- 1. 3::-;::'iEJ 1 <::; .212 11 39 .636316 .602214 .662 
:5 78 .042535 . 5318~33 .222 11 53 2.654615 1. 520146 .672 
5 82 .036732 .440995 .232 11 60 .493877 .462356 .682 
5 87 .203424 1.571260 .242 11 84 .045526 - 169602 .692 
5 89 .317947 1. 71795;;l .252 12 1 1. 585350 1. 030642 .702 
5 98 .499497 1.772390 .262 12 43 .670887 .546337 .712 
6 12 .978440 2.258425 .272 13 7 199148 -. 556891 .722 
6 44 · 558410 '-1. 514168 .282 13 63 3.381429 1. 564901 .732 
iS 50 1. 241890 2.070874 .292 14 51 1. 727693 .951776 .742 
6 54 · 576~H:3 -1. 729:56~? . 302 14 68 · 447320 -.856746 . 752 
6 56 · 773a;:~3 1.6971.10 .312 15 15 .2;;'24b94 -.337119 .762 
6 74 . 33!'.ïrjO -1. 321. 4 1 EI .322 15 94 · 717095 .389043 .772 
6 81 2. 0;:;~0342 -2. 546284- .332 16 76 1. 870567 .947472 .782 
6 97 .787105 1. 601624 .342 17 35 1.020738 .416044 .792 
6 99 .228378 1. 09C:.;l::?0f3 .352 17 58 .450365 -. 288518 .802 
7 5 ., 109858 2. 22H-mO ,362 17 65 1. 256127 .566083 .812 c... 

7 10 .856068 -1. 3834~)O .372 17 88 '"") 148201 .981202 .822 c.. • 

7 19 .360926 .87444:1. . 382 19 18 .680864 .667369 .832 ("I 

7 33 .268303 .798016 .392 19 29 2.291576 .963892 .842 Ol 

7 64 .005498 .02f7\OCJ:;j .402 19 47 .934687 .206113 .852 
7 66 .598291 -1. 3677:50 .412 20 31 2. 069976 .802199 .862 
7 73 .715955 1.299349 .422 20 69 · 72645:2 -. 493784 .872 
7 85 .365902 . 950845 .432 20 75 .885140 -.818428 .882 
7 86 .993963 1.566890 .442 



Appendix E 

~omments: 

fl(~.1 1~(j:~;l1P~.RîSON OF C(in(~IRT ft~TE 
Of,! !TH i ~.~ fJ [\/1 Ct u.~ L ti.4TES 

ïli:,~E ï 
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The cohort rate, attainiog its peak at the 5th year, 
is entlrely different from the individual rates. 
Though the 3rd womants marriageability decreases (albeit 
slightlY) over the years, her rate increases exponentialll 
The 4th woman's marriageability as well as her rate 
increases steadily, although her rata is much lower than 
the cohort rate till the 9th year, a year before her 
transit to the married state. The 15th woman experiences 
fluctuotions bath in her marriageability and in her 
rate of transition and remains single till the 15th year. 
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